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Abstract

In this paper we investigate the best approximation by trigonometric polynomials in weighted
Morrey spaces Mp,λ(I0, w), where the weight function w is in the Muckenhoupt class Ap(I0)
with 1 < p <∞ and I0 = [0, 2π]. We prove the direct and inverse theorems of approximation

by trigonometric polynomials in the spaces M̃p,λ(I0, w) the closure of C∞(I0) inMp,λ(I0, w).
We give the characterization of K−functionals in terms of the modulus of smoothness and
obtain the Bernstein type inequality for trigonometric polynomials in the spacesMp,λ(I0, w).
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1 Introduction and main results

Morrey spaces date back to the paper [21] published in 1938, where C.B. Morrey studied the
local behavior of solutions to elliptic differential equations. Now Morrey spaces are used in several
branches of mathematics, first of all in analysis, PDE and potential theory.

Let 0 ≤ λ ≤ 1 and 1 ≤ p <∞. For intervals in this paper we write

I0 = [0, 2π], I(x, r) = (x− r, x+ r) ⊂ R, I0(x, r) = I(x, r) ∩ I0.

By w we always denote a weight such that a positive, 2π−periodic and locally integrable function
on I0. The weighted Morrey space Mp,λ(I0, w) is defined as the set of all functions f ∈ Lp(I0, w)
such that

‖f‖Mp,λ(I0,w) = sup
x∈I0

0<r<2π

w(I(x, r))−
λ
p ‖f‖Lp,w(I0(x,r)) <∞,

where

‖f‖Lp,w(I0(x,r)) =
(∫

I0(x,r)

|f(t)|p w(t)dt
)1/p

.

Under this definition Mp,λ(I0, w) is a Banach space. If w = 1 and 0 < λ < 1, then Mp,λ(I0, w) =
Mp,λ(I0). If λ = 0, we get the weighted Lebesgue spaces Lp,w(I0). If λ = 1, Mp,1(I0, w) =
L∞,w(I0) by the Lebesgue differentiation theorem with respect to w (see [28]). Denote by C∞(I0)
the set of all functions that are realized as the restriction to I0 of elements in C∞(R). The weighted
Morrey space Mp,λ(I0, w) does not have C∞(I0) as a dense closed subspace; the case w = 1 was

proved in [27]. We define M̃p,λ(I0, w) as the closure of C∞(I0) in Mp,λ(I0, w).
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Definition 1.1. (Muckenhoupt classes) A weight function w is in the Muckenhoupt class Ap(I0)
with 1 < p <∞ if there exists C > 1 such that for any interval I ⊂ I0(

1

|I|

∫
I

w(x)dx

)(
1

|I|

∫
I

w(x)1−p
′
dx

)p−1
≤ C, (1.1)

where 1/p+ 1/p′ = 1 and the infimum of C satisfying the inequality (1.1) is denoted by [w]Ap(I0).
We define A∞(I0) =

⋃
1<p<∞Ap(I0).

Hardy-Littlewood maximal function Mf of f on I0 is defined by

Mf(x) = sup
r>0

1

|I(x, r)|

∫
I0(x,r)

|f(t)|dt, x ∈ I0.

When p = 1, w ∈ A1(I0) if there exists C > 1 such that for almost every x ∈ I0,

Mw(x) ≤ Cw(x), (1.2)

and the infimum of C satisfying the inequality (1.2) is denoted by [w]A1
.

We will need the following theorem on the boundedness of M in the spaces Mp,λ(I0, w) which
proved by Y. Komori, S. Shirai [16].

Theorem A. Let 1 < p <∞, 0 ≤ λ < 1 and w ∈ Ap(I0). Then the Hardy-Littlewood maximal
operator M is bounded on Mp,λ(I0, w).

The fundamental problem in approximation theory consists in finding for a complicated function
from a normed space, a simple function (polynomial or rational function) to approximate. We
denote by Pn as the set of trigonometric polynomials having degree not exceeding n and C(I0) the
set of 2π−periodic continuous functions. Let f ∈ C(I0) and En(f) be the best approximation of f
by the trigonometric polynomials, i.e.,

En(f)C(I0) = inf
Tn∈Pn

∥∥f − Tn∥∥C(I0)
.

The Weierstrass well-known theorem on the approximation of the continuous function by the
trigonometric polynomials and its quantitative refinement represented by Jackson inequality

En(f)C(I0) ≤ Cω
(
f,

1

n

)
are one of the basics of the Approximation Theory, where ω(f, δ), δ > 0 is the modulus of continuity
of f (see [5]). The analog of Jackson inequality is correct for the mean approximation and higher
order modulus of continuity as well (see [25]). S. Bernstein [1] obtained the reversed estimations
of Jackson’s inequality in the space of continuous functions for some specific cases. Later E.S.
Quade [23], S.B. Stechkin [24], A.F. Timan [25], A.F. and M.F. Timan [26] etc. proved the reversed
type inequalities of Jackson’s inequality, including Lp, 1 < p < ∞, spaces. These type inequalities
played an important role in the investigation of properties of the conjugate functions, in the study
of absolute convergent Fourier series [24], and in the related problems. For the approximation in
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weighted and nonweighted Lebesgue spaces, weighted Lorentz spaces, and Smirnov-Orlicz spaces
the sufficiently wide presentation can be found in the works [7], [12], [13], [14], [15], [17] and [18].
In [2] the authors investigate the best approximation by trigonometric polynomials in Morrey space
Lp,λ(I0).

Let N := {1, 2, ...} and

4rtf(x) :=

r∑
s=0

(rs)(−1)r+s+1f(x+ st), r ∈ N

for f ∈Mp,λ(I0, w), 0 ≤ λ ≤ 1, p ≥ 1 and

σrδ(f)(x) :=
1

δ

δ∫
0

|4rtf(x)|dt. (1.3)

One of the main problems observed in the investigations on the approximation theory is the
correct definition of the modulus of smoothness that will provide us with a better tool to deal with
the rate of the best approximation, inverse theorems and also some other similar problems. Now
we define the modulus of smoothness in Mp,λ(I0, w).

Definition 1.2. Let g ∈ Mp,λ(I0, w), 0 ≤ λ ≤ 1, 1 < p < ∞ and h > 0. Then the function
Ωr(g, ·,Mp,λ(I0, w)) : [0,∞]→ [0,+∞), defined by

Ωr(g, h,Mp,λ(I0, w)) := sup
0<δ≤min{2π,h}

‖σrδ(g)‖Mp,λ(I0,w), r ∈ N

is called the rth modulus of smoothness of g in Mp,λ(I0, w).

From Corollary 5 we get Ωr(g, h,Mp,λ(I0, w)) ≤ c‖g‖Mp,λ(I0,w) for every g ∈Mp,λ(I0, w), and

Ωr(g1 + g2, ·,Mp,λ(I0, w)) ≤ Ωr(g1, ·,Mp,λ(I0,w)) + Ωr(g2, ·,Mp,λ(I0, w))

for g1, g2 ∈Mp,λ(I0, w), where 0 ≤ λ ≤ 1, 1 < p <∞.

For f ∈Mp,λ(I0, w), 0 ≤ λ ≤ 1 and p ≥ 1, we denote

En(f)Mp,λ(I0,w) := inf
Tn∈Pn

‖f − Tn‖Mp,λ(I0,w)

the minimal error of approximation of f in the class Pn.
The homogeneous Sobolev-Morrey space Ẇ rMp,λ(I0, w) is defined as the set of all functions

f ∈ Lloc1 (I0) for which the weak derivative f (r) exists on I0 and

‖f‖Ẇ rMp,λ(I0,w) = ‖f (r)‖Mp,λ(I0,w) <∞.

The non-homogeneous Sobolev–Morrey space W rMp,λ(I0, w) is the subset of Ẇ rMp,λ(I0, w), con-

sisting of all functions f ∈ Ẇ rMp,λ(I0, w) for which

‖f‖W rMp,λ(I0,w) := ‖f‖Mp,λ(I0,w) + ‖f (r)‖Mp,λ(I0,w) <∞.
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Note that if λ = 0, then W r
p,w(I0) ≡ W rMp,0(I0, w) is weighted Sobolev space and if w = 1,

then W r
p,λ(I0) ≡W rMp,λ(I0, 1) is the Sobolev-Morrey space.

For f ∈Mp,λ(I0, w), 0 ≤ λ ≤ 1, 1 < p <∞, w ∈ Ap(I0) and r ≥ 1 the K- functional is defined
as follows

Kr(f, t)Mp,λ(I0,w) = inf
g∈W rMp,λ(I0,w)

{‖f − g‖Mp,λ(I0,w) + tr‖g(r)‖Mp,λ(I0,w)}, t > 0.

In this paper we study the direct and inverse problems of approximation theory in weighted
Morrey spaces M̃p,λ(I0, w), the closure of the set of trigonometric polynomials inMp,λ(I0, w) with
1 < p < ∞ and w ∈ Ap(I0). We give a characterization of K-functionals in terms of the modulus
of smoothness in weighted Morrey spaces Mp,λ(I0, w).

The direct result can be formulated as follows:

Theorem 1.3. Let f ∈ M̃p,λ(I0, w), 0 ≤ λ ≤ 1, 1 < p <∞ and w ∈ Ap(I0). Then for every r ∈ N
we have

En(f)Mp,λ(I0,w) ≤ C Ωr
(
f,

1

n
,Mp,λ(I0, w)

)
, n ≥ r

with a constant C > 0 independent of f and n.

Similar result in Lebesgue spaces Lp(I0), in terms of usually modulus of smoothness, defined as

sup
|t|≤h

‖4rtf(x)‖Lp(I0), h > 0, r ∈ N

was proved by S.B. Stechkin in [24]. In weighted Lebesgue spaces Lp(I0, w) ≡ Lp,w(I0) when the
weight w is in the Muckenhoupt class Ap(I0), similar result was proved by N.X. Ky in [17].

The inverse result can be formulated as follows.

Theorem 1.4. Let f ∈ M̃p,λ(I0, w), 0 ≤ λ < 1, 1 < p <∞ and w ∈ Ap(I0). Then for every r ∈ N
we have

Ωr
(
f,

1

n
,Mp,λ(I0, w)

)
≤ C

nr

{
E0(f)Mp,λ(I0,w) +

n∑
m=1

mr−1Em(f)Mp,λ(I0,w)

}
, n ∈ N

with a constant C > 0 independent of f and n.

Corollary 1. [2] Let f ∈ M̃p,λ(I0), 1 < p <∞ and 0 ≤ λ < 1. Then for every r ∈ N we have

Ωr
(
f,

1

n
,Mp,λ(I0)

)
≤ C

nr

{
E0(f)Mp,λ(I0) +

n∑
m=1

mr−1Em(f)Mp,λ(I0)

}
, n ∈ N

with a constant C > 0 independent of f and n.

Corollary 2. [17] Let f ∈ Lp,w(I0), 1 < p <∞ and w ∈ Ap(I0). Then for every r ∈ N we have

Ωr
(
f,

1

n
,Lp,w(I0)

)
≤ C

nr

{
E0(f)Lp,w(I0) +

n∑
m=1

mr−1Em(f)Lp,w(I0)

}
, n ∈ N

with a constant C > 0 independent of f and n.
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Similar result in Lebesgue spaces Lp(I0) was proved in [25, 26]. By using different modulus of
smoothness, similar result was investigated in the paper [8] in weighted Lebesgue spaces Lp(I0, w),
where w ∈ Ap.

The letters c, C are used for various constants, and may change from one occurrence to another.

2 Some auxiliary results

In this section we give some lemmas which we will need while proving our main results.

Lemma 1. Let f ∈ Ẇ rMp,λ(I0, w), r ∈ N∪{0}, 0 ≤ λ < 1, 1 < p <∞ and w ∈ Ap(I0). Then for
every r ∈ N ∥∥σrδ(f)

∥∥
Mp,λ(I0,w)

≤ C δr
∥∥f (r)∥∥Mp,λ(I0,w)

with a constant C > 0 independent of f .

Proof. Let f ∈ Ẇ rMp,λ(I0, w). Then f (r) ∈Mp,λ(I0, w) and

4rtf(x) =

∫ t

0

· · ·
∫ t

0

f (r)(x+ t1 + t2 + ...+ tr)dt1...dtr.

Then ∥∥∥σrδ(f)
∥∥∥
Mp,λ(I0,w)

=
∥∥∥1

δ

∫ δ

0

|4rtf(·)|dt
∥∥∥
Mp,λ(I0,w)

≤
∥∥∥1

δ

∫ δ

0

∫ t

0

· · ·
∫ t

0

|f (r)(·+ t1 + t2 + ...+ tr)|dt1...dtrdt
∥∥∥
Mp,λ(I0,w)

≤ δr
∥∥∥ 1

δr

∫ δ

0

· · ·
∫ δ

0

|f (r)(·+ t1 + t2 + ...+ tr)|dt1...dtr
∥∥∥
Mp,λ(I0,w)

≤ δr
∥∥∥ 1

δr−1

∫ δ

0

· · ·
∫ δ

0

{1

δ

∫ t1+...+tr−1+δ

t1+...+tr−1

|f (r)(·+ u)|du
}
dt1...dtr−1

∥∥∥
Mp,λ(I0,w)

≤ δr 1

δr−1

∫ δ

0

· · ·
∫ δ

0

∥∥∥1

δ

∫ δ+(r−1)δ

0

|f (r)(·+ u)|du
∥∥∥
Mp,λ(I0,w)

dt1...dtr−1

= δr
∥∥∥1

δ

∫ rδ

0

|f (r)(·+ u)|du
∥∥∥
Mp,λ(I0,w)

≤ Cδr
∥∥Mf (r)

∥∥
Mp,λ(I0,w)

≤ Cδr
∥∥f (r)∥∥Mp,λ(I0,w)

.

q.e.d.

Corollary 3. Let f ∈ Ẇ r
p,w(I0), r ∈ N ∪ {0}, 1 < p <∞ and w ∈ Ap(I0). Then for every r ∈ N

‖σrδ(f)‖Lp,w(I0) ≤ Cδ
r ‖f‖

Ẇ
(r)
p,w(I0)

with a constant C > 0 independent of f .
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Corollary 4. [2] Let f ∈ Ẇ r
p,λ(I0), r ∈ N ∪ {0}, 1 < p <∞ and 0 ≤ λ < 1. Then for every r ∈ N

‖σrδ(f)‖Mp,λ(I0) ≤ Cδ
r ‖f‖Ẇ r

p,λ(I0)

with a constant C > 0 independent of f .

Corollary 5. Let f ∈Mp,λ(I0, w), 0 ≤ λ < 1, 1 < p <∞ and w ∈ Ap(I0). Then for every r ∈ N

‖σrδ(f)‖Mp,λ(I0,w) ≤ C‖f‖Mp,λ(I0,w)

with a constant C > 0 independent of f .

Proof. Using the triangle inequality we have

‖σrδ(f)‖Mp,λ(I0,w) =
∥∥∥1

δ

∫ δ

0

|4rtf(·)|dt
∥∥∥
Mp,λ(I0,w)

=
∥∥∥1

δ

∫ δ

0

∣∣∣ r∑
s=0

(rs)(−1)r+s+1f(·+ st)
∣∣∣dt∥∥∥

Mp,λ(I0,w)

≤
r∑
s=0

(rs)
∥∥∥1

δ

∫ δ

0

|f(·+ st)|dt
∥∥∥
Mp,λ(I0,w)

=
∥∥∥1

δ

∫ δ

0

|f(·)|dt
∥∥∥
Mp,λ(I0,w)

+

r∑
s=1

(rs)
∥∥∥1

δ

∫ δ

0

|f(·+ st)|dt
∥∥∥
Mp,λ(I0,w)

≤ ‖f‖Mp,λ(I0,w) +

r∑
s=1

(rs)
∥∥∥ 1

sδ

∫ sδ

0

|f(·+ u)|du
∥∥∥
Mp,λ(I0,w)

≤ ‖f‖Mp,λ(I0,w) +

r∑
s=1

(rs)
∥∥∥1

δ

∫ rδ

0

|f(·+ u)|du
∥∥∥
Mp,λ(I0,w)

≤ ‖f‖Mp,λ(I0,w) + r2r
∥∥∥ 1

rδ

∫ rδ

0

|f(·+ u)|du
∥∥∥
Mp,λ(I0,w)

.

Since the function f on R is 2π-periodic, without loss of generality, we can assume rδ < 2π and by
boundedness of maximal operator in weighted Morrey spaces [16], we get

‖σrδ(f)‖Mp,λ(I0,w) ≤ ‖f‖Mp(·),λ(·)(I0) + r2rC(p)‖f‖Mp,λ(I0,w)

= C(p, r)‖f‖Mp,λ(I0,w).

q.e.d.

In the following lemma we give a characterization of K−functionals in terms of the modulus of
smoothness in weighted Morrey spaces Mp,λ(I0, w).

Lemma 2. Let f ∈ Mp,λ(I0, w), 0 ≤ λ < 1, 1 < p < ∞ and w ∈ Ap(I0). Then for every r ∈ N
and 0 < h ≤ c(r, λ, w) we have

c Ωr(f, h,Mp,λ(I0, w)) ≤ Kr(f, h)Mp,λ(I0,w) ≤ C Ωr(f, h,Mp,λ(I0, w))

with constants c, C > 0.
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Proof. Let g ∈ W rMp,λ(I0, w). Then g(r) ∈ Mp,λ(I0, w) and hence g(r) ∈ L1(I0). Therefore we
write

4rtg(x) =

∫ t

0

· · ·
∫ t

0

g(r)(x+ t1 + t2 + ...+ tr)dt1...dtr.

Using generalized Minkowski inequality and Theorem A, we have

Ωr(f, h,Mp,λ(I0, w)) := sup
|δ|≤h

∥∥∥1

δ

∫ δ

0

|4rtg(x)|dt
∥∥∥
Mp,λ(I0,w)

≤ sup
|δ|≤h

1

δ

∫ δ

0

∥∥∥∫ t

0

· · ·
∫ t

0

∣∣g(r)(·+ t1 + t2 + ...+ tr)
∣∣dt1...dtr∥∥∥

Mp,λ(I0,w)
dt

≤ hr
∥∥∥ 1

hr

∫ h

0

· · ·
∫ h

0

∣∣g(r)(·+ t1 + t2 + ...+ tr)
∣∣dt1...dtr∥∥∥

Mp,λ(I0,w)

= hr‖ 1

hr−1

∫ h

0

· · ·
∫ h

0

{ 1

h

∫ t1+...+tr−1+h

t1+...+tr−1

∣∣g(r)(·+ u)
∣∣du}dt1...dtr−1‖Mp,λ(I0,w)

≤ hr 1

hr−1

∫ h

0

· · ·
∫ h

0

∥∥∥ 1

h

∫ h+(r−1)h

0

∣∣g(r)(·+ u)
∣∣du∥∥∥

Mp,λ(I0,w)
dt1...dtr−1

= hr
∥∥∥ 1

h

∫ rh

0

∣∣g(r)(·+ u)
∣∣du∥∥∥

Mp,λ(I0,w)

≤ crhr
∥∥Mg(r)

∥∥
Mp,λ(I0,w)

≤ crhr
∥∥g(r)∥∥Mp,λ(I0,w)

.

Hence, from the definition of Kr(f, h)Mp,λ(I0,w) we obtain

Ωr(f, h,Mp,λ(I0, w)) ≤ Ωr(f − g, h,Mp,λ(I0, w)) + Ωr(g, h,Mp,λ(I0, w))

≤ c(‖f − g‖Mp,λ(I0,w) + hr‖g(r)‖Mp,λ(I0,w))

≤ cKr(f, h)Mp,λ(I0,w)

for any f ∈Mp,λ(I0, w).
In order to prove the converse inequality, we introduce a Steklov-type transform for f ∈

Mp,λ(I0, w), r ≥ 1, h > 0:

fr,h(x) :

=
2

h

∫ h

h
2

( 1

δr

∫ δ

0

· · ·
∫ δ

0

r−1∑
s=0

(rs)(−1)r+s+1f(x+
r − s
r

(t1 + ...+ tr))dt1...dtr

)
dδ.
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By simple calculations we have∣∣fr,h(x)− f(x)
∣∣

=
∣∣∣ 2
h

∫ h

h
2

( 1

δr

∫ δ

0

· · ·
∫ δ

0

r∑
s=0

(rs)(−1)r+s+1f(x+
r − s
r

(t1 + ...+ tr))dt1...dtr

)
dδ
∣∣∣

=
∣∣∣ 2
h

∫ h

h
2

( 1

δr

∫ δ

0

· · ·
∫ δ

0

r∑
s=0

(rs)(−1)r+s+1f(x+
s

r
(t1 + ...+ tr))dt1...dtr

)
dδ
∣∣∣

=
∣∣∣ 2
h

∫ h

h
2

( 1

δr

∫ δ

0

· · ·
∫ δ

0

4rt1+...+tr
r

f(x)dt1...dtr

)
dδ
∣∣∣.

Taking the norm and applying generalized Minkowski inequality, we get

∥∥fr,h − f∥∥Mp,λ(I0,w) ≤
2

h

∫ h

h
2

∥∥∥ 1

δr

∫ δ

0

· · ·
∫ δ

0

4rt1+...+tr
r

f(x)dt1...dtr

∥∥∥
Mp,λ(I0,w)

dδ

≤ sup
h
2≤δ≤h

∥∥∥ 1

δr

∫ δ

0

· · ·
∫ δ

0

4rt1+...+tr
r

f(x)dt1...dtr

∥∥∥
Mp,λ(I0,w)

= sup
h
2≤δ≤h

∥∥∥ 1

δr−1

∫ δ

0

· · ·
∫ δ

0

(1

δ

∫ δ+t1+...+tr−1

t1+...+tr−1

4rt
r
f(x)dt

)
dt1...dtr−1

∥∥∥
Mp,λ(I0,w)

≤ sup
h
2≤δ≤h

1

δr−1

∫ δ

0

· · ·
∫ δ

0

∥∥∥1

δ

∫ δ+(r−1)δ

0

|4rt
r
f(x)|dt

∥∥∥
Mp,λ(I0,w)

dt1...dtr−1

≤ sup
h
2≤δ≤h

∥∥∥1

δ

∫ rδ

0

|4rt
r
f(x)|dt

∥∥∥
Mp,λ(I0,w)

≤ r sup
0≤δ≤h

∥∥∥1

δ

∫ δ

0

|4ruf(x)|du
∥∥∥
Mp,λ(I0,w)

= r Ωr(f, h,Mp,λ(I0, w)).

Differentiating fr,h, we have

f
(r)
r,h (x) =

2

h

∫ h

h
2

1

δr

r−1∑
s=0

(rs)(−1)r+s+1
( r

r − s

)r
4rr−s

r δ
f(x)dδ.

Therefore,

|f (r)r,h (x)| ≤ 2

h

∫ h

h
2

1

δr

r−1∑
s=0

(rs)
( r

r − s

)r
|4rr−s

r δ
f(x)|dδ

=
cr
hr

r−1∑
s=0

(rs)
( r

r − s

)r 1

h

∫ h

0

|4rr−s
r δ

f(x)|dδ

=
cr
hr

r−1∑
s=0

(rs)
( r

r − s

)r 1
r−s
r h

∫ r−s
r h

0

|4ruf(x)|du.
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Hence,

‖f (r)r,h‖Mp,λ(I0,w) ≤ crh−r‖σrr−s
r h

f‖Mp,λ(I0,w)

≤ crh−rΩr(f, h,Mp,λ(I0, w)).

Thus,

Kr(f, h)Mp,λ(I0,w) ≤ ‖f − fr,h‖Mp,λ(I0,w) + hr‖f (r)r,h‖Mp,λ(I0,w)

≤ C Ωr(f, h,Mp,λ(I0, w)).

q.e.d.

Let

f(x) ∼ a0
2

+

∞∑
k=1

akcoskx+ bksinkx (2.1)

be the Fourier series of f ∈ M̃p,λ(I0, w), 0 ≤ λ ≤ 1, 1 < p < ∞ and Sn(x, f) be its n th partial
sum. Under the condition w ∈ A1(I0), using the method of proof of Lemma 1 and applying the
appropriate results in weighted Lebesgue spaces given in [9], [10], we see that

‖f − Sn(·, f)‖Mp,λ(I0,w) ≤ CEn(f)Mp,λ(I0,w),

En(f̃)Mp,λ(I0,w) ≤ CEn(f)Mp,λ(I0,w),
(2.2)

where f̃ is the conjugate function of f .

Lemma 3. Let w ∈ Ap(I0) and r ≥ 1. Then for any f ∈ Ẇ rM̃p,λ(I0, w), 0 ≤ λ < 1, 1 < p < ∞,
we have

En(f)Mp,λ(I0,w) ≤
C

nr
‖f (r)‖Mp,λ(I0,w), n ∈ N

with a constant C = C(p, λ, w, r).

Proof. Let

f(x) ∼
∞∑
k=0

akcoskx+ bksinkx

be the Fourier series of f ∈ M̃p,λ(I0, w), 0 ≤ λ < 1, 1 < p < ∞ and Sn(x, f) be its n th partial
sum. Then

f̃(x) ∼
∞∑
k=0

bkcoskx− aksinkx.

Setting
Ak(x, f) := akcoskx+ bksinkx, k ∈ N
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we have f(x) =
∞∑
k=0

Ak(x, f) in the norm of Mp,λ(I0, w). Since

Ak(x, f) = akcoskx+ bksinkx

= akcos
(
kx+

rπ

2
− rπ

2

)
+ bksin

(
kx+

rπ

2
− rπ

2

)
= cos

rπ

2

[
akcosk

(
x+

rπ

2k

)
+ bksink

(
x+

rπ

2k

)]
+ sin

rπ

2

[
aksink

(
x+

rπ

2k

)
− bkcosk

(
x+

rπ

2k

)]
= Ak

(
x+

rπ

2k
, f
)
cos

rπ

2
+Ak

(
x+

rπ

2k
, f̃
)
sin

rπ

2

and
Ak

(
x, f (r)

)
= krAk

(
x+

rπ

2k
, f
)
,

we get

∞∑
k=0

Ak
(
x, f

)
= A0

(
x, f

)
+ cos

rπ

2

∞∑
k=1

Ak

(
x+

rπ

2k
, f
)

+ sin
rπ

2

∞∑
k=1

Ak

(
x+

rπ

2k
, f̃
)

= A0

(
x, f

)
+ cos

rπ

2

∞∑
k=1

1

kr
Ak

(
x, f (r)

)
+ sin

rπ

2

∞∑
k=1

1

kr
Ak

(
x, f̃ (r)

)
.

Then

f(x)− Sn(x, f) =

∞∑
k=n+1

Ak(x, f)

= cos
rπ

2

∞∑
k=n+1

1

kr
Ak
(
x, f (r)

)
+ sin

rπ

2

∞∑
k=n+1

1

kr
Ak
(
x, f̃ (r)

)
.

Taking into account that

∞∑
k=n+1

1

kr
Ak
(
x, f (r)

)
=

∞∑
k=n+1

1

kr

[
Sk
(
x, f (r)

)
− Sk−1

(
x, f (r)

)]

=

∞∑
k=n+1

1

kr

{[
Sk
(
x, f (r)

)
− f (r)(x)

]
−
[
Sk−1

(
x, f (r)

)
− f (r)(x)

]}

=

∞∑
k=n+1

( 1

kr
− 1

(k + 1)r

)[
Sk
(
x, f (r)

)
− f (r)(x)

]
− 1

(n+ 1)r

[
Sn
(
x, f (r)

)
− f (r)(x)

]
and

∞∑
k=n+1

1

kr
Ak
(
x, f̃ (r)

)
=

∞∑
k=n+1

( 1

kr
− 1

(k + 1)r

)[
Sk
(
x, f̃ (r)

)
− f̃ (r)(x)

]
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− 1

(n+ 1)r

[
Sn
(
x, f̃ (r)

)
− f̃ (r)(x)

]
,

by (2.2), we have

∥∥f − Sn(·, f)
∥∥
Mp,λ(I0,w)

≤
∞∑

k=n+1

( 1

kr
− 1

(k + 1)r

)∥∥∥Sk( ·, f (r))− f (r)∥∥∥
Mp,λ(I0,w)

+
1

(n+ 1)r

∥∥∥Sn(·, f (r))− f (r)∥∥∥
Mp,λ(I0,w)

+

∞∑
k=n+1

( 1

kr
− 1

(k + 1)r

)∥∥∥Sk( ·, f̃ (r))− f̃ (r)∥∥∥
Mp,λ(I0,w)

+
1

(n+ 1)r

∥∥∥Sn( ·, f̃ (r))− f̃ (r)∥∥∥
Mp,λ(I0,w)

≤ C
{ ∞∑
k=n+1

( 1

kr
− 1

(k + 1)r

)
Ek
(
f (r)

)
Mp,λ(I0,w)

+
1

(n+ 1)r
En
(
f (r)

)
Mp,λ(I0,w)

}
+ C

{ ∞∑
k=n+1

( 1

kr
− 1

(k + 1)r

)
Ek
(
f̃ (r)

)
Mp,λ(I0,w)

+
1

(n+ 1)r
En
(
f̃ (r)

)
Mp,λ(I0,w)

}
.

After simple calculations and using second relation of (2.2), we get∥∥∥f − Sn(·, f)
∥∥∥
Mp,λ(I0,w)

≤ CEn
(
f (r)

)
Mp,λ(I0,w)

{ ∞∑
k=n+1

( 1

kr
− 1

(k + 1)r

)
+

1

(n+ 1)r

}
+ CEn

(
f̃ (r)

)
Mp,λ(I0,w)

{ ∞∑
k=n+1

( 1

kr
− 1

(k + 1)r

)
+

1

(n+ 1)r

}
≤ C

(n+ 1)r
En
(
f (r)

)
Mp,λ(I0,w)

.

Hence,

En(f)Mp,λ(I0,w) ≤
∥∥f − Sn( ·, f)

∥∥
Mp,λ(I0,w)

≤ C

nr
En
(
f (r)

)
Mp,λ(I0,w)

≤ C

nr
∥∥f (r)∥∥Mp,λ(I0,w)

.

q.e.d.

Now we will give the Bernstein inequality in Morrey spaces. Bernstein inequalities date back
to 1912 when S.N. Bernstein proved the first inequality of this type for L∞ norms of trigonometric
polynomials. A generalization can be found in [5]; this result, which is credited to Zygmund, states
that any trigonometric polynomial T of degree n ∈ N ∪ {0} satisfies

‖T (k)
n ‖Lp(I0) ≤ Cn

k‖Tn‖Lp(I0)
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for 1 < p <∞. Therefore we have the following:

Lemma 4. (Bernstein inequality in weighted Morrey spaces) Let w ∈ Ap(I0) and let f ∈Mp,λ(I0, w),
0 ≤ λ < 1, 1 < p <∞. Then for every trigonometric polynomial Tn and k ∈ N

‖T (k)
n ‖Mp,λ(I0,w) ≤ Cnk‖Tn‖Mp,λ(I0,w), n ∈ N ∪ {0}

with a constant C independent of n.

Proof. The proof is obtained similarly to that of Lemma 1 by using [17], where the Bernstein
inequality was proved in Lp(I0, w). q.e.d.

3 Proofs of main results

Proof of Theorem 1.3 Let g ∈ Ẇ rM̃p,λ(I0, w). From Lemma 3 we get

En(f)Mp,λ(I0,w) ≤ En(f − g)Mp,λ(I0,w) + En(g)Mp,λ(I0,w)

≤ ‖f − g‖Mp,λ(I0,w) +
C

nr
∥∥g(r)∥∥Mp,λ(I0,w)

.

Since this inequality holds for every g ∈ Ẇ rM̃p,λ(I0, w), by the definition of the K−functional
and by Lemma 2, we get

En(f)Mp,λ(I0,w) ≤ C Kr

(
f,

1

n

)
Mp,λ(I0,w)

≤ C Ωr
(
f,

1

n
,Mp,λ(I0, w)

)
.

Thus the proof is completed.

Proof of Theorem 1.4 Let Tn ∈ Pn be the polynomial of best approximation to f in M̃p,λ(I0, w).
For any integer j = 1, 2, ...,

Kr

(
f,

1

n

)
Mp,λ(I0,w)

= inf
g∈W (r)Mp,λ(I0,w)

{
‖f − g‖Mp,λ(I0,w) +

1

nr
‖g(r)‖Mp,λ(I0,w)

}
≤ ‖f − T2j+1‖Mp,λ(I0,w) +

1

nr
‖T (r)

2j+1‖Mp,λ(I0,w).
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Using Lemma 4, we get

‖T (r)
2j+1‖Mp,λ(I0,w) ≤ ‖T

(r)
1 − T (r)

0 ‖Mp,λ(I0,w) +

j∑
i=0

‖T (r)
2i+1 − T (r)

2i ‖Mp,λ(I0,w)

≤ C
{
‖T1 − T0‖Mp,λ(I0,w) +

j∑
i=0

2(i+1)r‖T2i+1 − T2i‖Mp,λ(I0,w)

}
≤ C

{
E1(f)Mp,λ(I0,w) + E0(f)Mp,λ(I0,w)

+

j∑
i=0

2(i+1)r
{
E2i+1(f)Mp,λ(I0,w) + E2i(f)Mp,λ(I0,w)

}}
≤ C

{
E0(f)Mp,λ(I0,w) +

j∑
i=0

2(i+1)rE2i(f)Mp,λ(I0,w)

}
= C

{
E0(f)Mp,λ(I0,w) + 2rE1(f)Mp,λ(I0,w) +

j∑
i=1

2(i+1)rE2i(f)Mp,λ(I0,w)

}
.

Since

2(i+1)rE2i(f)Mp,λ(I0,w) ≤ 22r
2i∑

m=2i−1+1

mr−1Em(f)Mp,λ(I0,w) (3.1)

for i ≥ 1, we have

‖T (r)
2j+1‖Mp,λ(I0,w)

≤ C
{
E0(f)Mp,λ(I0,w) + 2rE1(f)Mp,λ(I0,w) + 22r

2j∑
m=2

mr−1Em(f)Mp,λ(I0,w)

}

≤ C
{
E0(f)Mp,λ(I0,w) +

2j∑
m=1

mr−1Em(f)Mp,λ(I0,w)

}
.

Selecting j such that 2j ≤ n < 2j+1, from (3.1) we get

E2j+1(f)Mp,λ(I0,w) =
2(j+1)rE2j+1(f)Mp,λ(I0,w)

2(j+1)r

≤ 1

nr
2(j+1)rE2j+1(f)Mp,λ(I0,w) ≤

1

nr

2j∑
m=2j−1+1

mr−1Em(f)Mp,λ(I0,w).
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Now by Lemma 2, we conclude that

Ωr
(
f,

1

n
,Mp,λ(I0, w)

)
≤ CKr

(
f,

1

n

)
Mp,λ(I0,w)

≤ CE2j+1(f)Mp,λ(I0,w) +
1

nr
‖T2j+1‖Mp,λ(I0,w)

≤ C

nr

2j∑
m=2j−1+1

mr−1Em(f)Mp,λ(I0,w)

+
C

nr

{
E0(f)Mp,λ(I0,w) +

2j∑
m=1

mr−1Em(f)Mp,λ(I0,w)

}
≤ C

nr

{
E0(f)Mp,λ(I0,w) +

n∑
m=1

mr−1Em(f)Mp,λ(I0,w)

}
.

Thus the proof is completed.
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